In a recent note, we proved a Fuglede-Putnam commutativity theorem for almost normal operators with finite modulus of C 2 -quasitriangularity modulo the HilbertSchmidt class. In this note we show how our proof can be adjusted to the case of normal operators to obtain an optimal norm estimate obtained by G. Weiss. The result is also reviewed in the case of almost normal operators with zero modulus of C 2 -quasitriangularity for the operator and its adjoint and an example is provided.
Weiss (see [8, 9] ) extended this result by proving that if M, N ∈ L(H) are normal operators and X ∈ L(H) such that M X − XN ∈ C 2 (H), then M * X − XN * ∈ C 2 (H) and
T. Furuta ([1] ) and F. Kittaneh ([2] ) extended the above result to subnormal operators (a subnormal operator is the restriction of a normal operator to an invariant subspace) by proving that if M, N * ∈ L(H) are subnormal operators and X ∈ L(H) such that M X −XN ∈ C 2 (H), then M * X −XN * ∈ C 2 (H) and ||M * X − XN * || 2 ≤ ||M X − XN || 2 .
Kittaneh [2] provided some result that suggested that it would be interesting to investigate Fuglede-Putnam generalizations in which operators M, N are almost normal. For instance, he proved that if S ∈ L(H) is an almost normal subnormal operator and SX − XS ∈ C 2 (H) for some X ∈ L(H), then S * X − XS * ∈ C 2 (H). In [3] we extended Fuglede-Putnam theorem to operators that are almost normal operators that have finite modulus of C 2 -quasitriangularity modulo Hilbert-Schmidt class.
Let P(H), (or simply P) denote the set of all finite rank orthogonal projections on H. Recall (see [4] ) that the modulus of C 2 -quasitriangularity of an operator T ∈ L(H) is
where lim inf is with respect to the natural order on P.
Recall that if m(T ) denotes the rational cyclicity of T, then ([6])
that is, operators of finite rational cyclicity have finite modulus of C 2 -quasitriangularity. According to [7] , if T ∈ AN (H) and q 2 (T ) < ∞, then q 2 (T * ) < ∞ and there exists a sequence P n ∈ P, n ≥ 1, with P n ↑ I strongly, so that lim n→∞ ||(I − P n )T P n || 2 = q 2 (T ) and lim
and q
We will use the following idea that was first used by T. Furuta [1] , namely if T 1 , T 2 ∈ L(H), then the operator ∆ T 1 ,T 2 (X) = T 1 X − XT 2 defined on the Hilbert space C 2 (H) (with inner product X, Y 2 = Tr (XY * )) has its adjoint given by ∆ * T 1 ,T 2 (X) = T * 1 X − XT * 2 and thus the self-commutator of
Using operator theoretic concepts, we proved in [3] the following.
The proof of Theorem 1 provided the estimate
.) The purpose of this note is to review the proof given in [3] and show that in the case of a normal operator S ∈ L(H), it gives the optimal estimate, namely
The proof depends only operator theoretic concepts rather than using generating functions defined by G. Weiss.
Proof. Let P n ∈ P, n ≥ 1, such that P n ↑ I and
It is known now ( [5] ) that for a normal operator S,
. We need to prove that the sequence {||QP n || 2 } n is bounded above. Write
where
Next we estimate the Hilbert-Schmidt norm of each of the Q's. We begin with Q 32 , namely
and thus
(recall that all Q s depend on n.) Denote ∆ 11 (X) = S 1n X − XS 1n defined on C 2 (P n H); therefore
, and then
, and thus
respectively. Therefore
and consequently
where R 11 = S 1n X 1n − X 1n S 1n = ∆ 11 (X 1n ), and means that the difference between right hand side and left hand side is bounded above by a non-negative sequence that converges to 0. Combining (1) and (2), one obtains
The operator Q 41 = S * 4n X 3n − X 3n S * 1n can be viewed as ∆ * 41 (X 3n ), where ∆ * 41 is the adjoint of
Since X 3n = (I − P n )XP n , and thus X * 3n = P n X * (I − P n ), and using again the matrix representation of D S relative to the decomposition of
On other hand (I
Finally, Q 22 = S * 2n X 1n − X 4n S * 2n can be handled similarly to Q 32 , namely
According to (4) and (5),
and consequently, ||QP n || 2 ||R 11 || 2 + ||R 41 || 2 .
The proof will be finished after we establish that ||R 11 || 2 + ||R 41 || 2 is bounded. Since R ∈ C 2 (H), ||RP n || 2 2 ↑ Tr (R * R), and thus ||RP n || 2 2 is bounded above by ||R|| 2 2 . The representation of R relative to the decomposition of H into P n H ⊕(I − P n )H is
where R 23 = S 2n X 3n − X 2n S 3n and R 33 = S 3n X 1n − X 4n S 3n , and therefore ||RP n || 
According to (9) and (10) 
and thus ||R 11 || 2 + ||R 41 || 2 ||RP n || 2 .
Finally, according to (7) and (12), ||QP n || 2 ||RP n || 2 , and thus ||Q|| 2 ≤ ||R|| 2 , which ends the proof.
Applying Proposition 2 to S * , one obtains the following.
